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Introduction 

A Riemannian almost product manifold (M, P, g) is a differentiable 
. manifold M for which almost product structure P is compatible with the 

Riemannian metric g such that an isometry is induced in any tangent 
CNl ■ space of M. 

The systematic development of the theory of Riemannian almost 
product manifolds was started by K. Yano in |15| . 

In A. M. Naveira gave a classification of Riemannian almost 
£^ | product manifolds with respect to the covariant differentiation VP, whe- 

CNJ ■ re V is the Levi-Civita connection of g. This classification is very similar 

to the Gray-Hervella classification in [1] of almost Hermitian manifolds. 

M. Staikova and K. Gribachev gave in |13j a classification of the 
Riemannian almost product manifolds with trP = 0. In this case the 
ij ! manifold M is even-dimensional. 
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For the class Wi of the Staikova-Gribachev classification is valid 
Wi = W3 © W6 , where W3 and W$ are classes of the Naveira classifica- 
tion. In some sense these manifolds have dual geometries. 

In |10| . a connection V' on a Riemannian almost product manifold 
(M,P,g) is called natural if VP = V'<? = 0. In [9J, a tensor on such 
a manifold is called a Riemannian P-tensor if it has properties similar 
to the properties of the Kahler tensor in Hermitian geometry. In [4], 
a Riemannian P-tensor K is defined on (M, P, g) € W3 U by the 
curvature tensor R of V and the structure P. 

In the present work0, we study manifolds (M, P, g) from the class 
W3 U Wg for which the curvature tensor of each natural connection is a 
Riemannian P-tensor. 

We consider three tensors B(L), A(L) and C(L) determined by ar- 
bitrary Riemannian P-tensor L, where B(L) is the Bochner tensor intro- 
duced in [13J. We prove that B(R') = B(K) for arbitrary natural con- 
nection V in Theorem 13. 11 In Theorem 14. II we prove that A(R') = A(K) 
if V' is the canonical connection introduced in |10| . In Theorem 15.11 we 
prove that C(R') = C(K) if V is a natural connection with parallel tor- 
sion. Moreover, we consider a tensor E{L) determined by a curvature-like 
tensor L. In Theorem 16.11 we prove that E(R') = E(R) for the natural 
connection V' = D, considered in [3], in the case when D has a parallel 
torsion. 

1. Preliminaries 

Let (M, P, g) be a Riemannian almost product manifold, i.e. a differ- 
entiable manifold M with a tensor field P of type (1,1) and a Rieman- 
nian metric g such that P 2 x = x, g(Px, Py) = g(x, y) for any x, y of 
the algebra X(M) of the smooth vector fields on M. Further x,y,z,w 
will stand for arbitrary elements of X(M) or vectors in the tangent space 
T C M at c G M. 

In |llj A.M. Naveira gives a classification of Riemannian almost 
product manifolds with respect to the tensor F of type (0,3), defined by 
F(x, y,z) = g ((V X P) y, z) , where V is the Levi-Civita connection of g. 



Partially supported by project NI11-FMI-004 of the Scientific Research Fund, 
Paisii Hilendarski University of Plovdiv, Bulgaria 



INVARIANT TENSORS RELATED WITH NATURAL CONNECTIONS 3 



In this work we consider manifolds (M, P, g) with trP = 0. In this 
case M is an even-dimensional manifold. We assume that dimM = 2n. 

Using the Naveira classification, in |13| M. Staikova and K. Gribachev 
give a classification of Riemannian almost product manifolds (M, P, g) 
with trP = 0. The basic classes of this classification are Wi, TV 2 and W3. 
Their intersection is the class Wo of the Riemannian P -manifolds ( [12j ) , 
determined by the condition F = 0. This class is an analogue of the class 
of Kahler manifolds in the geometry of almost Hermitian manifolds. 

The class Wi from the Staikova-Gribachev classification consists of 
the Riemannian product manifolds which are locally conformal equival- 
ent to Riemannian P-manifolds. This class plays a similar role of the role 
of the class of the conformal Kahler manifolds in almost Hermitian geo- 
metry. We will say that a manifold from the class Wi is a W\-manifold. 

The characteristic condition for the class Wi is the following 

Wi : F(x,y,z) = ±{g(x,y)9(z) - g(x, Py)6(Pz) 

+ g(x,z)e(y)-g(x,Pz)6(Py)}, 

where the associated 1-form 9 is determined by 6(x) = g lJ F(ei,ej,x). 
Here g t3 will stand for the components of the inverse matrix of g with 
respect to a basis {ej} of T C M at c € M. The 1-form 9 is closed, i.e. 
d9 = 0, if and only if (S7 X 9) y = (S7 y 9) x. Moreover, 9 o P is a closed 
1-form if and only if (V x 9) Py = (V„0) Px. 

In [13] it is proved that Wi = W3 © Wq, where W3 and Wq are 
the classes from the Naveira classification determined by the following 
conditions: 

W 3 : F(A,B,0 = ±g(A,B)9 v (0, F(£, v ,A)=0, 
W 6 : F(£, n, A) = ±gfo rj)9 h (A), F(A, B, £) = 0, 

where A,B,£,tj € X(M), PA = A, PB = B, P£ = Pr) = -rj, 
9 v (x) = \ (9(x) - 9{Px)), 9 h (x) = \ (9(x) + 9(Px)). In the case when 
trP = 0, the above conditions for W3 and Wq can be written for any 
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x, y, z in the following form: 

W 3 : F(x,y,z) = ±{[g(x,y) + g(x, Py)]9(z) 

+ [g(x, z) + g(x, Pz)} 9(y)}, 6(Px) = -9(x), 
W 6 : F(x,y,z) = ±{\g(x,y) - g(x,Py)]9(z) 

+ [g(x, z) - g(x, Pz)} %)}, 6(Px) = 9{x). 
In [13] . a tensor L of type (0,4) with properties 

L(x,y,z,w) = -L(y,x,z,w) = -L(x,y,w,z), 

L(x, y, z, w) + L{y, z, x, w) + L(z, x, y, w) = 
is called a curvature-like tensor. Such a tensor on a Riemannian almost 
product manifold (M, P, g) with the property 

L(x, y, Pz, Pw) = L(x, y, z, w) 

is called a Riemannian P -tensor in [9j. This notion is an analogue of the 
notion of a Kahler tensor in Hermitian geometry. 

Let 5" be a (0,2)-tensor on a Riemannian almost product manifold. 
In |13| it is proved that 

ipi(S)(x,y,z,w) = g(y,z)S(x,w) - g(x, z)S(y,w) 

(1.1) 

+ S[y, z)g(x, w) - S(x, z)g(y, w) 

is a curvature-like tensor if and only if S(x,y) = S(y,x), and the tensor 

(1.2) ip 2 (S){x, y, z, w) = ipi(S)(x, y, Pz, Pw) 

is curvature-like if and only if S(x,Py) = S(y,Px). Obviously 

tp2(S)(x,y,Pz,Pw) = ij)i{S)(x,y,z,w). 

If ipi(S) and i/j2(S) are curvature-like tensors, then (?/>i + ^2) (S) is a 
Riemannian P-tensor. The tensors 
1 1 

(1-3) 7T1 = -Tpl(g), 7T 2 = VT 3 = = ^2(9) 

are curvature-like, where g(x, y) = g(x, Py), and the tensors tti + 112, ^3 
are Riemannian P-tensors. 

The curvature tensor R of V is determined by R(x, y)z = V^V^z — 
VyX7 x z — ^[x,y] z an d the corresponding tensor of type (0,4) is defined 
as follows R{x,y,z,w) = g(R(x,y)z,w). We denote the Ricci tensor 
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and the scalar curvature of R by p and r, respectively, i.e. p(y, z) = 
g lJ R(ei,y, z,ej) and r = g 13 p(ei,ej). The associated Ricci tensor p* and 
the associated scalar curvature r* of R are determined by p*(y,z) = 
g v R(ei,y, z, Pej) and r* = g %] p*(ei,ej). In a similar way there are de- 
termined the Ricci tensor p(L) and the scalar curvature r(L) for any 
curvature- like tensor L as well as the associated quantities p*{L) and 
r*(L). 

In |10| . a linear connection V' on a Riemannian almost product 
manifold (M, P, 5) is called a natural connection if V'P = V'p = 0. 

In [2], it is established that the natural connections V on a Wi- 
manifold (M, P, g) form a 2-parametric family, where the torsion T of V 
is determined by 

T(x, y,z) = ±- {g(y, z)O(Px) - g(x, z)6(Py)} 
In 

+ \{g(y,z)9(x)-g(x,z)8(y) 
( L4 ) +g(y, Pz)e(Px) - g(x, Pz)6(Py)} 

+ p{g(y,Pz)e(x)-g(x,Pz)6(y) 

+g(y,z)e(Px)-g(x,z)6(Py)}, 

where A, p € K. 

Let Q be the tensor determined by 

(1.5) V x y = V x y + Q{x,y). 

The corresponding tensor of type (0,3), according to [5], satisfies 

(1.6) Q{x,y,z) = T(z,x,y). 
Let us recall the following statement. 

Theorem 1.1 ([5]). Let R' is the curvature tensor of a natural con- 
nection V' on a Wi-manifold (M,P,g). Then the following relation is 
valid: 

(1.7) R = R' - g{p,p)-K\ - g{q, q)ir 2 - g{p, q)irz - ipi(S') - ip2(S"), 
where 

p = xn+ (n + ±)pn, q = xpn + pn, g(n,x) = e(x), 



6 D. GRIBACHEVA 

S'(y,z) = \(V y 9)z+(ti + £) (V' y 0) Pz 
-±.{\9(y)9(Pz) + v8(y)8(z)}, 

S"(y,z) = \(V> y 6)z + n(V> y 9) Pz 

+ ±{\e(Py)9(z) + »9(Py)e(Pz)}. 

2. Some properties of the natural connections on the 
manifolds of the class w 3 u w 6 

Let (M, P, g) is a Riemannian product manifold of the class W3 or 
the class W 6 , i.e. (M,P,g) £ W 3 U W 6 . Then for the 1-form 6 and the 
vector ft we have 

(2.1) 0(Pz) = eO(z), Pft=eft, 

where e = 1 for (M, P, g) G W 3 and e = -1 for (M, P, 5) € W 6 . 

Let V' be a natural connection on (M,P,g) £ W3 U Wg. 

Using (jl.4p . (jl.6p and ([2.ip . we obtain for the tensor Q determined 
by (II. 5p the following 



Q(x,y) 



^ + £ ( A* + 77- 



- %)^] 



(^ + £ A) Py)-%)P*]. 

Now, for the curvature tensors P and R' of V and V', it is valid 
( jl.7p . where 

(2.2) p= (A + e/z + ^-)n, g = (^ + eA)J2, 



(2-3! .*'(//. : ,) - ( A + ;// + (V^) « - W *- * 



(2.4) S"(y, z) = (X + sp) {V y 9) z + £±f±9(y)e(z). 

Further we consider manifolds (M, P, g) £ W3 U Wg with closed 1- 
form 0. In this case, the tensor K, determined by 

(2.5) K(x, y, z,w) = - [R(x, y, z, w) + R(x, y, Pz, Pw)} , 
is a Riemannian P-tensor ([!]). 
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If (M,P,g) € W3 U Wg has a closed 1-form 6, then the curvature 
tensor R' of a natural connection V' is also a Riemannian P-tensor. 
Indeed, from (|1.7p it is clear, that R' is a Riemannian P-tensor if and 
only if ipi(S') and ip2{S") are curvature-like tensors, i.e. if and only if 
S'(y,z) = S'(z,y) and S"(y,Pz) = S"(z,Py). According to ([2J3]) and 
(|2.4|) . the latter conditions are valid if and only if 



(2.6) (V y 0) z = (V z 9) y. 

In [5], it is proved that for any Wi-manifold the following equality is 
valid: 

{V y e)z-{V z e)y = (y y e)z-(v z e)y 

-^{e(Py)9(z)-e(y)e(Pz)}. 

Bearing in mind (|2.ip . the latter equality implies that equality f)2 .6|) is 
valid on (M, P, g) G W 3 U W 6 if and only if (V y 8) z = (V z 6) y, i.e. if and 
only if the 1-form is closed. 

Theorem 2.1. Let the manifold (M,P,g) € W3 U Wq be with a closed 
1-form 9. Then the following equality is valid 

(2.7) K = R'-^ 1 +i> 2 )(S), 
where 



(2i 



S(y,z) = (x + ep + ±) (V y 6)z 

+ ^ *) + — y~ g{y, Pz )- 



Proof. According to Theorem ll.l| for (M, P, g) it is valid the equality 
R{x, y, z, w) = {R' - g(p,p)ni - g{q, g)vr 2 - g(p, q)n 3 

(2.9) 

-MS')-MS")}(x,y,z,w). 



In (I2.9p . we substitute Pz and Pw for z and tu, respectively. We add the 
obtained equality to f|2 . 9[) . Then, taking into account (jl.ip . (jl.2p . (|1.3p . 
(|2.3p . (12. 4p . (|2.5p . (12. 8p and the properties of the curvature-like tensors 
^x(S') and ip 2 {S"), we get □ 
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In Section 3, Section 4 and Section 5, we find some Riemannian P- 
tensors determined by K on a manifold (M, P, g) € TV3 U Wq with a 
closed 1-form 6. We establish that the found tensors coincide with the 
corresponding tensors determined by the curvature tensor R' of a natural 
connection V. In Section 6, we find a curvature-like tensor determined 
by R on such a manifold and establish that this tensor coincides with 
the corresponding tensor determined by the curvature tensor R' of the 
special natural connection D investigated in [5], in the case when D has 
a parallel torsion. 

3. An arbitrary natural connection on a manifold 
(m,p,g) € w 3 u w 6 with a closed 1-form 9 

In |13j . it is defined a Bochner tensor B(L) for an arbitrary Rieman- 
nian P-tensor L on a Wi-manifold (M, P, g) (dim M > 6) as follows: 

B(L) = L — + ih){p{L)) 

(3.1) 

" 7T( TT [t(L)(7Ti + 7T 2 ) + T*(L)7T 3 ] 

l[n — 1) 

Let us remark that B{L) is also a Riemannian P-tensor. 

Theorem 3.1. Let the manifold (M,P,g) € W 3 U W 6 (6mxM > 6) 
be with a closed 1-form 6. If R' is the curvature tensor of a natural 
connection V', then B(R') = B(K). 



Proof. Relation (|2,7p implies the following equality for the Ricci tensors 
p(K) and p' of K and R' , respectively: 

(3.2) p{K) = p' - trS g - trS g - 2(n - 2)S, 

where S(y,z) = S(y,Pz). Then we get the following equalities for the 
scalar curvatures: 

(3.3) toS = T '- T(K \ trS^ T "- T ' (K \ 
V ' 4(n - 1) ' 4(n - 1) 

Equalities $F2§ and ([33]) imply 

(3.4) S= 'L'- pi K) (r--r(K)) 9 + { r--r' { K m 



2(n-2) Y 4(n-l) 
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Prom (fTl) . (fL2l) . (fPj) and ([131), w e have 
1 



(3.5) 2(n - 2) 



(V>i + V> 2 )(p')- (V-i + ^X/W) 

(r' - r(if ))(tti + vr 2 ) + (r'* - t*(K))tt 3 



2(n - 1) 



Using (I3.5p . (I2.7P and the definition (|3,ip of the Bochner tensor, we 
obtain £(JT) = £(i?')- □ 

4. The canonical connection on a manifold 
(m,p,g) g w 3 u w 6 with a closed 1-form 9 

The canonical connection on a Riemannian almost product manifold 
is a natural connection introduced in |10| as an analogue of the Hermitian 
connection on almost Hermitian manifold. A connection of such a type 
on almost contact B-metric manifolds is considered in [TJ, |S]. 

We define the tensor A(L) for an arbitrary Riemannian P-tensor L 
by the equality 

(4.1) A(L ) = L- r(L)( ^ +7r2 ; CT3) . 

v ' y 1 4n(n - 1) 

Obviously, A{L) is also a Riemannian P-tensor. 

Theorem 4.1. Let the manifold (M,P,g) € W3 U Wq be with a closed 
1-form 9. If R' is the curvature tensor of the canonical connection, then 
A{R') = A{K). 

Proof. In [5], it is shown the canonical connection on a Wi-manifold is 
determined by A = and \i = — -h-. Then, (|2.2p implies p = f^, q = — 
and therefore 

(4.2) g(p,p) =g(q,q) = -eg{p,q) = 

From ([2.8p and ([4.2p it is follows S = |^l(g — eg)- Then, because of 
(|1.3p . we have (-01 +^ 2 )(<S') = j^i^i +^2 — £^3). Thus, (|2.7p takes the 
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form 

(4.3) K = R ,_ W)(*i+*2-e* 3 ) 

By virtue of (|4,3p . we obtain the following equalities 

(n-l)0(n)(g-eg) 
P{K)=P ^ , 

(4.4) 

= Mr' ~ r(K)) = Ane(r>*-r*(K)) 
{ ' n-1 n-1 

Bearing in mind (14. 3p and (I4.4p . by suitable calculations we get 

R , t'(tTi + 7T 2 - £7T 3 ) _ K t{K){%1 + 7T 2 - CTT 3 ) 



4n(n — 1) An(n — 1) 

Then, according to (|4TT|) . we have ^(i?') = A(i^). □ 

In |12j . a 2-plane a = (x, y) in T C M is called a totally real 2-plane if 
a is orthogonal to Pa. Its sectional curvatures with respect to R' 

i = R'{x,y,y,x) ^ = R'(x,y,y,Px) 
7ri(x,j/,j/,x)' m(x,y,y,x) 

are called totally real sectional curvatures with respect to R'. 

Theorem 4.2. A manifold (M,P,g) € W3 UWq with a closed 1-form 6 
has point-wise constant totally real sectional curvatures 

V = ; r, V - 



4n(n — 1) ' 4n(n — 1) 

with respect to the curvature tensor R' of the canonical connection if and 
only if A(R') = (or equivalently A(K) = 0). 

Proof. According to (|4.ip . the condition for annulment of A{R') is the 
condition 

, t'(iti + vr 2 - £7r 3 ) 

It — — r . 

4n(n — 1) 

Then, bearing in mind |12| . we establish the truthfulness of the state- 
ment. □ 
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5. AN NATURAL CONNECTION WITH PARALLEL TORSION ON A 
MANIFOLD (M, P, g) £ W3 U W 6 WITH A CLOSED 1-FORM 9 

We define the tensor C(L) for an arbitrary Riemannian P-tensor L 
by the equality 

(5.1) c{L) = L _r(L)(. 1+ , 2 ) + T*(L), 3 _ 

4n(n — 1) 

Obviously, C(L) is also a Riemannian P-tensor. 

Theorem 5.1. Let the manifold (M,P,g) G W3 U Wq be with a closed 
1-form 9. If R' is the curvature tensor of a natural connection with a 
parallel torsion, then C(R') = C{K). 

Proof. In [5], it is proved that a natural connection V' on a Wi-manifold 
has a parallel torsion if and only if the 1-form 9 is also parallel, i.e. 
V9 = 0. Then, $2Ji§ implies 

c _ 9(P,P) + gCgig) , a(p, q) ~ 
b " 4 9 + ~^-9- 

Then, because of (11.31). we have 



(i 1 1 \t o\ 9{p,p) + g(q,q) , . , . , , 

(tpl + ihKS) = (vri +vr 2 ) +g{p,q)TT 3 . 

Thus, (12.71) takes the form 



rtio\ ^ w 9(p,p) + g(q,q) , . ^, r ^ 

(5.2) K = R (tti + vr 2 ) + g(p, g)vr 3 . 



By virtue of (|5.2p . we obtain 

p(K) = p' - (n- l)b(p,p) - % n ~ 1)5(P,9)5)) 

which implies 

r (iT) = r' - 2n(n - l)[#(p,p) +5(9,9)], 

(5.3) 

t*(K) = t'* - An(n-l)g(p,q). 
Bearing in mind (|5.2p and (|5.3p . by suitable calculations we get 

, _ T^TTl + 7T 2 ) + T'*7T3 = r _ t{K) fa + 7T 2 ) + T* (if)7T 3 

4n(n — 1) 4n(n — 1) 

Then, according to (jST) . we have C(jR') = C(if). □ 



12 D. GRIBACHEVA 

Theorem 5.2. A manifold (M,P,g) G W 3 U W 6 with a closed 1-form 9 
has point-wise constant totally real sectional curvatures 

t' t'* 



4n(n — 1) ' 4n(n — 1) 

with respect to the curvature tensor R' of an arbitrary natural connection 
with parallel torsion if and only ifC(R') = (or equivalently C{K) = 0). 

Proof. According to (|5.ip . the condition for annulment of C(R') is the 
condition 

, _ t'(7Ti + 7T 2 ) + t'*7T 3 

4n(n — 1) 

Then, bearing in mind |12| . we establish the truthfulness of the state- 
ment. □ 

6. The natural connection D (A = /x = 0) with parallel 

TORSION ON A MANIFOLD (M, P, g) G W3 U W 6 WITH A CLOSED 

1-FORM 9 

In [3], it is studied the natural connection D determined by A = [i = 
on a Wi-manifold (M, P, g). 

Now we consider the case when (M, P, g) G W3 UWg is with a closed 
1-form 9 and the connection V = D has a parallel torsion. Then, from 
B . (l2^jl and §2J§ we have p = g = S' = S" = and therefore 
(11.71) takes the form 



The latter equality implies p = p' — ^ 2n ~^i^ g, which gives us 

, fi9 s / (2n-l)g(») , „ 

(6.2) t = t , r =r . 

2n 

We define the tensor E(L) for an arbitrary curvature- like tensor L 
by the equality 

(6.3) E{L) = L — T / L)7ri - . 
v ' v 7 2n(2n - 1) 

Obviously, E(L) is also a curvature-like tensor. 
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Theorem 6.1. Let the manifold (M,P,g) £ W 3 U W 6 be with a closed 
1-form 9. If R' is the curvature tensor of the connection D with parallel 
torsion, then E(R') = E(R). 

Proof. Equalities (|6.ip and (|6,2p imply 



R _ T7Tl = R> T ' ni 



2n(2n - 1) 2n(2n - 1) 

Then, according to flO}, we have E(R') = E(R). □ 

Theorem 6.2. Let the manifold (M,P,g) G W3 U Wq be with a closed 
1-form 9 and D be with a parallel torsion. Then D is flat if and only if 
E(R') = (or equivalently E(R) =0). 

Proof. Let E(R') = be valid, i.e. 

(6.4) R (x, y, z, w) = — — —tti{x, y, z,w). 

2n[2n — 1) 

In (|6.4p . we substitute Pz and Pw for z and w, respectively. Taking 
into account that R' is a Riemannian P-tensor and TT\(x,y, Pz, Pw) = 
iT2(x,y,z,w), we obtain 

(6 - 5) R ' = 

From (I6.4p and (16. 5^ it is follows t'(tti — ^2) = and because of tt\ ^ 
7T2 we have r' = 0. Then R' = 0, according to (|6,4p . i.e. L> is a flat 
connection. 

Vice versa, let D be flat, i.e. i?' = 0. Then r' = and bearing in 
mind the definition of E(R') we obtain E(R' = 0. □ 

Corollary 6.3. Let the manifold (M,P,g) £ W3 U Wg 6e wii/i a closed 
1-form 9 and D be flat with a parallel torsion. Then (M, P, g) is a space 
form with a negative scalar curvature r. 

Proof. If D is flat, then by Theorem 16.21 we have E(R) = 0, i.e. 

r 

R = -7Tl. 

2n(2n - 1) 

This means that the manifold is a space form. Moreover, r' = for a 
flat connection D and therefore r = — 2r ^~ 1 9(Q), because of f|6 . 2[) . Thus, 
since 9(tt) = g(fl, $7) > 0, we obtain r < 0. □ 
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